MCV4U Chapter 4

Sec.4.1 Increasing and Decreasing Functions

function is increasing on a particular interval if for any, ) . X_(,_ then {? ()( ,\ < '( (7(1\,
1e: Asxincreases, _ {4 \ncxeases :
A function is decreasing on a particular interval if for any, _ X, & X5 then ‘C (xh > ( (Xl\/ .

i.e: As X increases, % da eases

For a continuous and differentiable function, f(x), the y-values are increasing for all x-values whenz( \(>;§\>O and the y-values are
decreasing for all x-values when < O.

Eg.1: Find the intervals of increase and decrease for the function, f (x)= 2x° —3x* —12x
C'(X) = bx7= x =12
O = bx* - bx-1a
O = Xa - X -
= (x -X+ )

X=3 -\
Interval Value of f /(x) Slope of Tangent Y-values are
X 4 — | + Cos LNCCECSI00,
—lex < B — NEG deireqs
X > =+ Pos
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g.2: Find the intervals of increase and decrease for the function, f(x) = x - 3x3
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CW) =1-x7?

O=1-x"
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X 2= )
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X= 2
Interval Value of f ‘(x) Slope of Tangent Y-values are
X € =\ + Pos A )
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Eg.3: Consider the graph of f ‘(x). Sketch a possible graph of f(x).
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negative (below the x-axis), the graph of f(x) is cggsw_:f The points on f‘(x) = 0 are the critical point§’or “Mm&jﬂ&m’h on the
graph of f(x).

Solution: When the derivative, f ‘(x) is positive (&ibove the x-axis), the graph of f(x) will be_t 7 (,(Egsmsoj When the derivative is

In this example, f‘(x) =0 @ x = -2 0. 72 therefore these are the turning points on the graph of f(x).
) )

Interval Value of f ‘(x) f(x) will be
X< —-a i &
-2<x<Q 4 4
O<LX<2 — -
X>Q, -+ 4

Therefore one possible graph of f(x) is;
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Sec. 4.2 Critical Points, Local Maxima & Local Minima

1 algorithm for finding the critical points and whether a function has a local maximum or local minimum.

First Derivative Test

1. Find the critical points of the function; that is, determine where f ‘(x) = 0 or where f ‘(x) is undefined, for x values in the domain.
2. Use the first derivative test to analyze whether the function, f, is increasing or decreasing on either side of each critical point.
3. Conclude that each critical point locates either a local maximum value of the function, f, or a local minimum value, or neither.

Remember there are three ways in which derivative fail to exist at certain points.

e Cusp
e Vertical Tangent
e Discontinuity

Eg.1: Determine the critical points for y = x* —6x?. Sketch the graph.

Solution: ) o 3)(1__ )2 X

O =3x*- 12X
O =3x(x-4) b 8
X-0, 4
4

Interval Value of f ‘(x) f(x) will be

X < © "

Oexey — &

X >4 ¥ t

i will be a local maximum and () will be a local minimum.

Eg.2: Determine the critical points for y = x* —8x* +18x” and state whether these values gives a local maximum, a local minimum

or neither for the function.

’> lQCCL,( ™Min afF X=0

P NLithat max nov min

Solution:
V' HyZ-aY 5 + 3%
= (gxi-bx + )
= Yx (\( ’33()( ’5\
X=0,3
Interval Value of f /(x) f(x) will be
X <0 — ¥
0LX <3 + T
X>3 + £

ook X=3
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X = (O will be alocal minimum, at the critical pointof X=23 _there is neither a local maximum nor a local minimum since the
function values increase toward this point and increase away from it as well.

d . . : N \
N.B. Critical points that occur when ;h}—) = ( give locations of horizontal tangents on the graph of a function. Critical points that occur

d . . , ,
when Zy is undefined give the locations of either vertical tangents or cusps (where we say that no tangent exists).

X

Read Example # 4 (p.177 of textbook)

Sec. 4.3a Horizontal and Vertical Asymptotes

So far the algorithm for curve sketching is;
o Determine the x &y intercepts (x-intercept you let y = 0 and y-intercept you let x = 0)
o Use the first derivative test to find the critical points and the intervals of increase/decrease
e |dentify all local extrema (je: local maximum and local minimum)
e Determine all asymptotes

Recall: There are 3 kinds of asymptotes: (Vertical, Horizontal and Slant/Oblique)

Vertical Asymptotes

. ~ - ~ ) .
A rational function of the form f(x) = 2(—\3 has a vertical asymptote

x = cif g(c) = 0 and p{c) # 0.

Essentially we are determining the restrictions on the domain of the function.
The graph of f{x) has a vertical asymptote, x = ¢, if one of the following
infinite limit statements is true:

lim f(x) = +oo, lim f(x) = —oc, lim f{x) = +o0 or lim f{x) = —co

x—c”

Eg.1: Find any discontinuities, state the equation of any vertical asymptotes. Describe the behavior of the graph as x approaches the
VA

g pe=rrE VA @x=2)
x—2
2
by 7 -1 VA @x=_| andx=—1

Horizontal Asymptotes

We need to assess the value of the function as X OHOY)FO @Cl\q S 7 o . We use the notation:

lim f(x) and lim f(x) NE, Bm-L=0 awd Bm =0

X—=> +» X—> + x X =0 x

The horizontal asymptote for any polynomial can be found by writing it so that the highest degree is a factor. (



essentially p(x) =

(

- 5

2

3x2. As x approaches infinite so does the function therefore no HA.

Chapter 4

J as x >+ and x—» —oo the bracket approaches 1. Thus the function is

Eg.2: Determine the equations of any horizontal asymptotes of the function: f ( ) sz * ? . Assess the behavior as
x —_—
X —>+400 and x-—>—o.
Solution:
£(x) = BX(H% ooz af&im ) bm S (|+\)
( ‘ X8 x S0 Bx X > - -0
2% | -3= Lnrw ~)
_3( ;.‘5) 9“3((”;2:'-‘%?20 22<> QX—)*QQ(,-QX
= 3 =
sgy | 3 z
Lim
5 >R ( I+ 5)
31/”“
When fis very Iarge le f100 L 2, therefore approaches the asymptote from _Q bave
When fis very small. i.e: f( 1000) < g , therefore approaches the asymptote from \eiquo .
Eg.3: (putting it all together)
. rthe function y = determine the equations of all V.A. and H.A. Sketch the graph.
X' —x-
X j f
\/ = - [ I
(%-2)(x+3) : ,
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check ehaviowr around V.A.
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Sec. 4.3b Oblique Asymptotes

Oblique asymptotes are straight lines that are not parallel to the axes that functions (curves) approach infinitely closely.
They occur in rational functions in which the degree of the numerator polynomial exceeds the degree of the denominator
polynomial by exactly 1.

To determine the equation of any O.A. divide the denominator into the numerator using long division.

Eg.1: Determine any asymptotes for the following function.

7x)= 3x% +10x+5
3x+4

x+2

3x+4j3x2+10x+5 L flx)=x+2- °_ Thismeansthat_X 42 isthe O.A.

3x+4

3x? +4x
0x> +6x+5
6x +8

"

=3

When x is large and positive the difference between the function and the O.A. is represented by;

~

(x +2——2 )— (x+2)=——>—_ The difference is negative and approaches from below.
3x +4 3x+4

When x is large and negative the difference between the function and the O.A. is represented by;

2

(x +2—— 2 4)— (x + 2) ———2 . Thedifference is positive and approaches from above.
x+

Y

X+
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Sec. 4.4 Concavity and Point of Inflection

e have seen that the first derivative when set equal to zero will give us the critical points of a function and thus we can find
me intervals of increase and decrease. This allows us to identify local maximum and local minimum points.

Ify= Qas a cntlcal pointat x = ¢, with 7'(c) =0, then the behaviour of f(x) at x = ¢ can be analyzed through the use of
the by analyzing 15 D) , as follows:

a. The graph is concave up, and x = ¢ is the location of a local minimum
value of the function. if f"(¢) > 0.
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local minimum
£"(c)>>0

b. The graph is concave down. and x = c¢ is the lecation of a local maximum
value of the function, if f"{c) < 0.

local maximum

Flc)<0

=<

/ Y
]

/
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. It f"(c) = 0. the rature of the critical point cannot be determined
without further work.

B. ot of lgﬂgghm )curs at (¢, f(c)) on the graph of y = f(x) if £ " (x ) changes sign at x = c. Thatis, the
curve changes from(‘&ngm@&_dmmto (m(mm uP ,or vice versa.

b

o

3
¥

>

X

0
¥V 0o "0 Y o200 <0

Y . Y
/ i
{e. f(c)!/ ‘ \ (e fleh
/i | \
i |
c !

45 auanteany



MCV4U Chapter 4

Eg.1: Find the critical points for the following functions. Determine whether the functions have a local maximum or
minimum.

a) flx)=x"-6x> =15x+10
P 2= ox-is F'G)= bx-1i

- 2 _ i
© = 3(*-Yx-g) D= 6 - £1N= 6l )-12
= 3(x=Xx+) =g = -1g
)(=5) - o o rin "o Mo

b) fx)=2x* -10x+3

£I1)= bx®-10 F7 ()= 19
O=8C-1° Lo nfF FCE) ()

O = bx®

-~

2 8 _ ¢
o o YN 6 o IYNAX

Eg.2: Discuss the function y = al 7 with respect to the concavity and points of inflection.
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N = N+ = (29
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